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During polymerization in a nongrowing cell population of Ralstonia eutropha, alter-
( )nating between two different carbon sources fructose and fructoser®aleric acid could

lead to the production of block copolymers consisting of blocks of homo-poly-3-hy-
( ) ( )droxybutyrate PHB and polyhydroxybutyrate-co-®alerate PHBV copolymer. The

problem of finding the optimal number of carbon source switches and corresponding
(switching times that maximize the final concentration of diblock copolymers PHB-

)PHBV and PHBV-PHB was addressed. It was mathematically formulated in the
( )mixed-integer nonlinear programming MINLP framework, which allows the decom-

position of the original problem into the primal and master problems. The primal prob-
lem corresponds to the original problem for a fixed number of carbon source switches,
whereas the master problem consists of finding the number of carbon source switches
that maximizes the optimum solutions of all possible primal problems. The global opti-
mum was obtained for 39 carbon source switches. It corresponds to a mass fraction of
50.6% of final diblock copolymer concentration o®er the final total polymer concentra-
tion.

Introduction

Ž .Polyhydroxyalkanoates PHA are biodegradable polyesters
that are synthesized by many bacteria under imbalanced
growth conditions. They serve as an intracellular storage

Žproduct for carbon and energy Lee, 1996; Steinbuchel, 1991;
.Anderson and Dawes, 1990 , which can be utilized to support

growth when an extracellular carbon source is absent. Polyhy-
Ž .droxybutyrate PHB is the longer known of these biological

polyesters and has attracted significant commercial interest.
It is biodegradable when discarded in the environment and
biocompatible when implanted in the body. However, it has

Ž .been shown that many additional R -3-hydroxyacids can also
serve as building blocks for these polyesters. Thus, many dif-
ferent types of homopolymers, copolymers and block copoly-
mers can be synthesized. Their physical properties are deter-
mined by the nature and sequence of the monomer units pre-
sent in the polymer chains.

Correspondence concerning this article should be addressed to P. Daoutidis.

Cellular regulation mechanisms are responsible for tempo-
ral separation of polymer synthesis from cell growth in which
cells mainly multiply and reproduce themselves. Under ad-

Ž .verse such as nitrogen limited growth conditions, the flux of
metabolites can be effectively directed from pathways leading
to growth products, such as proteins, to the synthesis of stor-
age polymers, such as PHAs.

The PHA polymerization step in Ralstonia eutropha is cat-
alyzed by a synthase enzyme, which elongates the growing
polymer chains by successively adding monomer units. Due
to the fact that the synthase enzyme is not very substrate
specific, different types of monomers can be incorporated in
the actively elongating polymer chain, leading to the forma-
tion of copolymers. The intracellular pool of monomers can
be manipulated by exposing the cells to different extracellu-
lar carbon sources that feed different precursor molecules
into the monomer pool via different degradation pathways.
Therefore, the type of copolymers or homopolymers synthe-
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sized can be manipulated by switching between the extracel-
lular carbon source.

If the available carbon source is only fructose, then the
cellular metabolism leads to the production of intracellular
Ž . Ž .R -3-hydroxybutyrate HB monomer units. In constrast, if
both fructose and valeric acid are available as carbon sources,

Ž . Ž .the R -3-hydroxy valerate HV monomer units are added to
the monomer pool as well. The incorporation of just HB
monomer units to actively growing polymer chains leads to
the production of PHB, whereas the simultaneous addition of
HB and HV monomer units results in the formation of PHBV
copolymer chains. We have previously shown that the mor-
phology of polymer granules can be manipulated by exposing

Žcells alternatively to different carbon sources Kelley and
.Srienc, 1999 . Under such conditions, layers of different poly-

mer types can be synthesized on top of each other by switch-
ing the nature of the carbon source that is utilized by the
cells. It is now of interest whether such carbon source switch-
ing can be carried out in a way that amounts of block copoly-
mers would be synthesized in quantities that are technologi-
cally useful. In order to investigate the possibility of block
copolymer formation with the implementation of a carbon
source switching strategy, it is necessary to be able to accu-
rately predict the microstructure of the produced polymer
chains.

ŽFor this purpose, in our previous work Mantzaris et al.,
.2001a , we have developed a mathematical model that can

predict the dynamics of the intracellular bulk monomer con-
centration, as well as those of the molecular weight distribu-
tions of the active and inactive chains. According to this
model, the molecular weight distribution of the polymer

Ž .chains depends on three rates: a the rate by which the poly-
Ž .merization process is initiated; b the elongation rate by

which the synthase enzyme catalyzing the polymerization step
adds monomer units to the actively growing polymer chains;

Ž .and c the termination rate that determines the rate by which
the active chains stop elongating, thus becoming inactive. The
steady-state version of the model in conjunction with avail-
able experimental data was used in order to obtain important
information not directly obtainable from experiment. In par-
ticular, we computed the steady-state active chain molecular
weight distribution, the termination rate as a function of
polymer molecular weight, the initiation rate, as well as the
corresponding model parameter values that appear in the
model equations. The computations were performed for both
cases of PHB and PHBV formation.

Furthermore, we also analyzed the transient behavior of
the system for the simplest case of constant elongation rate
Ž .Mantzaris et al., 2001b . We have used the model parameter
values that were computed from the steady-state analysis and
analytically evaluated the time evolution of both the active
and inactive chain molecular weight distributions. The analyt-
ical solution was subsequently used in order to study the en-
tire carbon source switching process for a wide array of num-

Žber of carbon source switches. The final after N carbon
.source switches molecular weight distributions and corre-

sponding concentrations of all different types of polymers
Ž .block copolymers and homopolymers were computed. It is
possible to control the duration of each stage of the carbon
source switching process to any desired values. However,
these computations were based on the assumption that the
duration of each PHBV producing stage is exactly half the

duration of each PHB producing stage. The results indicated
that under this assumption, the final concentrations of di-

Ž . Žblock PHB-PHBV or PHBV-PHB and triblock PHBV-
.PHB-PHBV or PHB-PHBV-PHB copolymers exhibit a max-

imum. In the case of diblock copolymers, the value of the
maximum was 50% of the total polymer produced, and was
achieved for Ns39 carbon source switches. The correspond-
ing switching times were approximated 30 and 60 min for each

Ž .PHBV and PHB respectively producing stage. In the case
of triblock copolymers, the value of the maximum was 28.5%
of the total polymer produced, and was achieved for Ns90
carbon source switches. The corresponding switching times
were approximately 12.5 and 25 min for each PHBV and PHB
Ž .respectively producing stage.

The question that naturally arises from these results is: Are
those values of the final concentrations of di- and triblock
copolymers the maximum values that can possibly be
achieved? Or, in other words, is there another set of number
N of carbon source switches and corresponding N switching
times that can yield a higher value than the one achieved for

Ž .Ns39 or Ns90 carbon source switches and under the as-
sumption that the duration of each PHBV producing stage is
half the duration of each PHB producing stage?

In this work, we address this question for the case of di-
block copolymers. More specifically, we consider the problem
of finding the optimal number of carbon source switches and
corresponding switching times that will maximize the final
concentration of produced diblock copolymers. We chose the
diblock copolymer case as an example that will illustrate the
general methodology that should be used in order to address
similar optimization problems, such as maximizing the final
triblock copolymer concentration, or the sum of final di- and
triblock copolymer concentrations, or the final concentration

Žof chains with a particular microstructure of interest such as
diblock copolymer chains with the same number of PHB and

.PHBV monomer units and so on. Initially, the mathematical
model that was developed in order to describe the dynamics
of the active and inactive molecular weight distributions is
briefly presented. Then, the carbon source switching process
is described. The optimization problem is mathematically for-
mulated and analyzed under consideration in the context of

Ž .the mixed-integer nonlinear programming MINLP frame-
work. Finally, the solution method and the results are pre-
sented.

Mathematical Model
The development of the model has been described in de-

Ž .tail in our previous work Mantzaris et al., 2000a . For the
sake of clarity, the key aspects and assumptions of the model
are summarized here again.

Consider a population of cells of Ralstonia eutropha which
occupies a fixed biovolume V. Each cell of the population
contains a fixed number of granules. We assume that the en-
tire cell population is homogeneous with respect to the poly-
merization processes, that is, each cell in the population be-
haves exactly like the population average cell. Based on ex-
perimental observations that were discussed in our previous
work, we also assume that during the entire polymerization
process, the intracellular bulk monomer concentration does

Ž . Ž .not change. Let A x,t dx and I x,t dx be the number of ac-
Ž .tive and inactive respectively chains per unit biovolume,
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which at time t have molecular weight between x and xqdx.
Ž . Ž .Let also R x and R x denote, respectively, the single-el t

chain elongation rate and termination rate of an active poly-
mer chain with molecular weight x. Finally, r and r are,p i
respectively, the rate of monomer production per unit vol-
ume of biomass from upstream metabolic processes, and the
rate of bulk monomer loss per unit volume of biomass due to
initiation of the polymerization process. Then, the dynamics

Ž . Ž .of A x, t , I x, t are described by the following set of equa-
tions

� A x , t �Ž .
q R x A x , t qR x A x , t s0 1w xŽ . Ž . Ž . Ž . Ž .el t� t � x

� I x , tŽ .
sR x A x , t 2Ž . Ž . Ž .t� t

w x w xwhere xg x , x and tg 0, � . The boundary conditionmin max
was shown to be

x R x A x , t sN r 3Ž . Ž .Ž .min el min min A i

where N is the Avogadro number. The steady-state analysisA
has shown that the rate of initiation is related to the rate of
monomer production through the equation

rp
r s x 4Ž .i min MW

where MW is the average molecular weight of the steady-state
Ž .overall active and inactive chains which was experimentally

measured.
Moreover, we assume that the single-chain elongation rate

is a constant independent of the polymer molecular weight x,
that is

R x sE 5Ž . Ž .el 1

The steady-state analysis of the system has revealed that for
this elongation rate expression, the single-chain termination
rate exhibits a maximum after it slowly decreases. This type
of behavior was shown to be accurately described by the fol-
lowing equation

T xy xŽ .1 min
R x s 6Ž . Ž .t 2T q xy x qT xy xŽ . Ž .2 min 3 min

Table 1. Model Parameter Values

Parameter Copolymer Polymer
Ž . Ž . Ž .Dimensional PHBV PHB

E 1,327,400 grmolrh 618,065 grmolrh1
r 17.88 grLrh 15.64 grLrhi
r 164 grLrh 83 grLrhp
T 7.041 Lrh 2.823 Lrh1
T 104,439 grmol 38,370 grmol2

y7 y7T 7.229�10 molrg 5.388�10 molrg3

Parameter Copolymer Polymer
Ž . Ž . Ž .Dimensionless PHBV PHB

t 20.073 17.2831
y2 y2t 2.760�10 1.014�102

t 2.735 2.0393

where T , T and T are positive constants.1 2 3
In order to bring the equations in a more convenient form,

we first define the dimensionless molecular weight and the
dimensionless time as follows

xy xmin
ys 7Ž .

x y xmax min

E1
� s t 8Ž .

x y xŽ .max min

We also set

A x , t s A y , � 9Ž . Ž . Ž .
I x , t s I y , � 10Ž . Ž . Ž .

Finally, we define the following dimensionless parameters

T x y xŽ .1 max min
t s 11Ž .1 E1

T2
t s 12Ž .2 x y xmax min

t sT x y x 13Ž . Ž .3 3 max min

Using Eqs. 5 and 6 for the elongation and termination rate,
respectively, the transformation defined by Eqs. 7�10 and the
definitions Eqs. 11�13 for the dimensionless model parame-
ters t , t , t , the population balance equations for the active1 2 3

Ž .and inactive polymer chains Eq. 1 and Eq. 2 , respectively,
become

� A y , � � A y , � t yŽ . Ž . 1
q q A y , � s0 14Ž . Ž .2�� � y t q yq t y2 3

� I y , � t yŽ . 1
s A y , � 15Ž . Ž .2�� t q yq t y2 3

w x w x Žwhere yg 0, 1 and � g 0, � . The boundary condition Eq.
.3 takes the form

r Ni A
A 0, � s 16Ž . Ž .

E x1 min

The initial conditions for the active and inactive population
balance Eqs. 14 and 15 are expressed by the equations

A y , 0 s A y 17Ž . Ž . Ž .o

I y , 0 s I y 18Ž . Ž . Ž .o

Notice that Eqs. 14, 15, and 16 contain five model parame-
ters: the initiation rate r , the single-chain elongation rate Ei 1
and the three dimensionless termination rate parameters t ,1
t , and t . The values of these parameters calculated in2 3

Ž .Mantzaris et al. 2000a are given in Table 1, for both cases
of PHBV and PHB formation. The values of the two rates of

Ž .monomer production r , which are related to the corre-p
sponding rates of initiation through Eq. 4 are also given in
Table 1.
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Carbon Source Switching Process
Processing time

In this section we consider and study the process which
Žstarts at time Ts0, ends at a final time TsT processingf

.time , and consists of N carbon source switches in between.
It is assumed that at Ts0, there is no polymer present in
the system. Thus, Ts0 is the point in time where the poly-
merization process is turned on. Moreover, it has been exper-

Ž .imentally established Kelley and Srienc, 1999 that the total
Ž .polymer concentration for both polymers PHB or PHBV

Ž .follows a linear constant rate increase with time over a large
period of time, which depends on the type of polymer pro-

Ž .duced PHB or PHBV . After that point in time, the concen-
tration vs. time profiles start to become flat. This behavior
can most probably be attributed to a saturation effect due to
the increase of biovolume by the accumulated polymer.
Therefore, when the polymer concentration stops to increase
linearly with time, our mathematical model, which is based
on the assumption of constant biovolume, is no longer valid.
The experimental measurements indicated that in both cases
of PHB or PHBV production, the constant synthesis rates
were observed until the total polymer content becomes
greater than 70% of the cell dry weight. We have used these
observations to implicitly define the final time of the process
T , as the time where the maximum possible amount of poly-f

Ž .mer has been produced 70% of cell dry weight under the
assumption of constant biovolume, thus ensuring the validity
of the proposed mathematical model.

Let t , is1, 2, . . . , N denote the N switching times. We de-i
fine the term ‘‘switching time’’ as the time elapsed since the
previous carbon source switch, or the time length of each stage
of the carbon source switching process. Thus, the ith stage of

w xthe process takes place in the time interval 0, t , or in di-i
w xmensionless form: 0, � , where � is the corresponding di-i i

Ž .mensionless switching time see Eq. 8 . With this convention,
the total time that has elapsed after i carbon source switches,

Ž .since the beginning of the entire process Ts0 is then given
by: T sÝi t . The total concentration of polymer that hasi js1 j

Ž .been produced at the end of the process TsT , after Nf
carbon source switches have been performed, can then be

N i Ž .expressed as: PsÝ r � t or by using the definition Eq. 8is1 p i
of the dimensionless time:

N irp
Ps x y x � .� ,Ž . Ýmax min iiE1is1

where r i and Ei represent the rate of monomer productionp 1
and polymer elongation rate, respectively, at the ith stage of

Ž .the switching process see Table 1 and � is the correspond-i
ing dimensionless switching time. As explained above, at the
end of the process, the total polymer produced is taken to be
equal to 70% of the cell dry weight. If we denote by CDW

Ž .the initial when no polymer is present cell dry weight den-
sity which was experimentally measured to be 1.36 kgrL bio-
volume, the following algebraic constraint has to be satisfied

P
s0.7 19Ž .

PqCDW

Ž .or after substituting the expression for P into Eq. 19

N ir 7 CDWp
�� s 20Ž .Ý ii 3 x y xE Ž .max min1is1

Keeping track of polymer chains with different structure
Let us now examine the switching process in detail. It is

assumed that the process begins with the production of PHBV
chains. At the point of the first carbon source switch, the
system contains only PHBV in both active and inactive forms.
At the time when the second switch is performed, the system

Ž .consists of two subpopulations: a the active and inactive
PHB-PHBV diblock copolymer chains which originated from
the population of PHBV homopolymer chains that were ac-

Ž .tive when the first switch was performed; and b the new
population of active and inactive PHB homopolymer chains
that were produced between the first and second carbon
source switches. Similarly, at the time where the third switch

Ž .is performed, the system consists of three subpopulations: a
the active and inactive PHBV-PHB-PHBV triblock copoly-
mer chains which originated from the population of PHB-
PHBV diblock copolymer chains that were active when the

Ž .second carbon source switch took place; b the active and
inactive PHBV-PHB diblock copolymer chains which origi-
nated from the population of PHB homopolymer chains that

Ž .were active when the second switch was performed; and c
the new population of active and inactive PHB homopolymer
chains that were produced between t and t . Thus, after2 3
each carbon source switch, a new type of block copolymer
chains is created. Since no block copolymer is being pro-
duced during the first stage of the process, after N carbon
source switches, the system contains N-1 different types of

Ž .block copolymers, homopolymer PHB , and copolymer
Ž .PHBV . In the following, and in order to be consistent with
the terminology that will be used, we will refer to PHB and
PHBV chains as mono-block copolymer chains, despite the
fact that PHB is a homopolymer and PHBV is not a block
copolymer.

As has been explained in detail in our previous work
Ž .Mantzaris et al., 2001b , the molecular weight distributions

i Ž .of the active and inactive mono-block copolymers A y, � ,1 i
iŽ .I y, � , that are produced during the ith stage of the process1 i

Ž .depend only on the ith current dimensionless switching time
� . Their dynamics are only influenced by the boundary con-i

Ž .dition Eq. 3 and are expressed by the following equations

y t i t i
1 1°
qi i i'1y 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3iD � yq iž /2 t3

i iy t t1 1i ~ yi i iA y , � sŽ . '1q 1y4 t t i i i1 i 2 t32 3 2 t 1y4 t t'3 2 3� yq ,iž /2 t3

� � yi¢0, � F yi

21Ž .
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° it y1 i� A y , � � � y y , � � yŽ . Ž .1 i i ii i 2i ~ t q yq t yI y , � sŽ . 2 31 i ¢0, � F yi

22Ž .

where

y t i t i
1 1
yi ii i'1y 1y4 t t i i iN r 2 t32 3 2 t 1y4 t tA i '3 2 3iD s i iž /E x 2 t1 min 3

t i t i
1 1
qi i i'1q 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3� 23Ž .iž /2 t3

and r i, E i , t i , t i , t i denote the values of the initiation rate,i 1 1 2 3
the elongation rate, and the three dimensionless termination
rate model parameters that correspond to the ith stage of
the process.

On the other hand, the molecular weight distributions of
i Ž . i Ž .active and inactive m-block copolymers A y, � , I y, �m i m i

Ž . Ž .ms2, . . . , N produced at the ith NG iGm stage of the
switching process depend on the my1 previous dimension-
less switching times, as well as the current dimensionless

i Ž .switching time � . Moreover, A y, � is the solution of Eq.i m i
Ž . Ž . i14 subject to the initial condition Eq. 17 with: A y s Ao my1

Ž .y, � , that is, the molecular weight distribution of activeiy1
Ž .my1 -block copolymers at the previous carbon source
switch. Due to the fact that the inactive m-block copolymers
that are produced during the ith stage of the process origi-
nate only from the termination of active m-block copolymers
during the same stage, the initial condition for the inactive
distribution is always zero. Based on these observations,

i Ž . i Ž . Ž .A y, � , I y, � ms2, . . . , N and NG iGm were shownm i m i
to be expressed by the following equations

° iy1A yy� , �Ž .my1 i iy1
i it t1 1
yi i i'1y 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3� yy� qi iž /2 t3

i it t1 1
qi i i'1q 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3� yy� qi iž /2 t3

i ~ i iy t tA y , � sŽ . 1 1m i qi i i'1y 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3� yq iž /2 t3

i iy t t1 1
qi i i'1q 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3� yq ,iž /2 t3

� F yi¢0, � � yi

24Ž .

t y �° 1 � �i� A y , � d� , � F yŽ .H m i2t q yq t y 02 3i ~I y , � s 25Ž . Ž .m i t y y1 � �i� A y , � d� , � � yŽ .H m i2¢t q yq t y 02 3

i Žfor ms2, . . . , N. For ms2, the initial condition A y,my1
.� that appears in Eq. 24 is expressed by Eq. 21.iy1

Since we are interested in optimizing the carbon source
switching process for the production of the maximum possi-
ble concentration of diblock copolymers, we will hereafter
concentrate on just this type of block-copolymers. The active
and inactive diblock copolymer molecular weight distribu-
tions produced during the ith stage of the process are given

iy1 Ž .by Eqs. 24 and 25, respectively, with: A yy� , � smy1 i iy1
iy1Ž . iy1Ž .A yy� , � and A yy� , � expressed by Eq. 21.1 i iy1 1 i iy1

Ž th .For all stages, except the last one N stage , the active di-
block copolymers produced at the ith stage of the process are
always transformed into triblock copolymers during the sub-
sequent stage. Thus, the final concentration of diblock
copolymers will consist of the inactive chains that were pro-
duced during all diblock copolymer producing stages of the

Ž .process stage 2 up to stage N and of the active chains pro-
duced during the Nth stage of the process. Therefore, the
active chains represent only a very small fraction of the final
diblock copolymer concentration. Due to this fact, we fo-
cused on the inactive chains produced during each stage of
the process.

As explained above, the active and inactive diblock copoly-
mer distributions produced at the ith stage of the process,
depend only on the current and previous dimensionless

Ž .switching times � , � , respectively . By appropriately sub-i iy1
stituting Eqs. 21 into Eqs. 24 and 25 for ms2, we derived
the mathematical formulae which give the concentration of
inactive diblock copolymers produced during the ith stage of

Ž .the process first moment of the corresponding distribution
i Ž .C � , � as an explicit function of the two dimensionless2 iy1 i

switching times. Due to their complexity and their depen-
dence on the absolute and relative magnitude of the two di-
mensionless switching times, these formulae are given in Ap-

Ž .pendix A Eqs. A12, A18 and A19 . We have also derived
Ž .see Appendix A, Eqs. A13�A17 the corresponding formu-
lae for the two first partial derivatives

� C i � , � � C i � , �Ž . Ž .2 iy1 i 2 iy1 i
,ž /�� ��iy1 i

and the three second derivatives

� 2C i � , � � 2C i � , � � 2C i � , �Ž . Ž . Ž .2 iy1 i 2 iy1 i 2 iy1 i
, ,2 2ž �� ���� �� iy1 iiy1 i

� 2C1 � , �Ž .2 iy1 i
with ./�� ��i iy1

The mathematical properties of all these functions have also
been analyzed in Appendix A.
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Formulation of the Optimization Problem
Our objective is to maximize the final concentration of di-

block copolymers. Therefore, the objective function f to be
minimized is minus the sum of the concentrations of inactive
diblock copolymers, produced at each stage of the process
Ž .from stage 2 p to stage N . The variables that are available

Ž .for manipulation optimization variables are the number N
of carbon source switches and the corresponding N dimen-
sionless switching times � , is1, . . . , N. It is obvious that wei
cannot allow negative or zero dimensionless switching times.

w xTThus, if we define by � s � � � . . . � , the N-dimensional1 2 3 N
vector containing all dimensionless switching times, we must
have that � gTsR N. The end of the process is defined asq

the time when the total polymer produced is equal to 70% of
the total cell dry weight. Thus, Eq. 20 is an equality con-
straint that must be satisfied by the optimization variables.
Moreover, there must be a minimum concentration of poly-

Ž .mer that is at least produced during each stage of the pro-
cess, in order for the stage to be of practical meaning. We
chose this minimum polymer concentration to be 50 grL.
Since the polymer concentration produced at each stage of

Ž . Ž i l .the process is given by x y x � r rE �� , and the ra-max min p 1 i
tio of r rE is approximately the same for each stage of thep 1
process, we easily see that the minimum requirement for
polymer production is satisfied for dimensionless switching
times which are greater or equal to � s0.1. Therefore, wemin
also demand that all dimensionless switching times are greater
or equal to � s0.1. Since no diblock copolymer chains aremin
produced during the first stage of the process, the minimum
number N of carbon source switches is 2. Moreover, using

Ž . Ž .the values of r , E see Table 1 and CDW s1.36 KgrL ,p 1
we can easily see that for N�65, and in order to satisfy the

Ž .equality constraint 20 , at least one of the dimensionless
switching times should be smaller than � s0.1. Thus, formin
N�65, the equality and inequality constraints can not be si-
multaneously satisfied. Therefore, we should have: 2FNF
N s65. Thus, we can state the optimization problem asmax
follows:

Find the number N of carbon source switches 2FNFNmax
s65 and corresponding N dimensionless switching times with

(� G1� is1, . . . , N, that maximize the final after N carboni
)source switches diblock copolymer concentration.

ŽSince one of the optimization variables the number N of
. Žthe carbon source switches is an integer, while the rest the

.N dimensionless switching times are continuous and real
variables, a natural mathematical formulation of the problem
is within the mixed-integer nonlinear programming frame-

Ž . Ž .work MINLP Floudas, 1995 .
Let us first substitute the optimization variable N with a

new set of integer valued optimization variables: a vector w
Ž .of N s65 0 or 1 integer variables. The value of 1 0 formax

i Ž .the entry w of the vector w denotes existence nonexistence
of the ith stage of the process. From the description of the
carbon source switching process, it is obvious that the ith

Ž .stage of the process cannot exist if the preceding iy1 th
stage does not exist as well. Thus, the vector w can only be of

w xTthe form: ws 1 1....1 0 0...0 . This implies that if an entry of
Ž .the vector w is equal to zero then: a all the following en-
Ž .tries must also be zero and either b the previous entry is

Ž . Ž .also equal to zero, or c the previous entry is the last one 1

entry of the vector. In more compact form: wgW, where the
space W is defined as

°
i~Ws wgW , w s0 or 1 s.t.:

¢

° j ¶a w s0, js iq1, . . . , NŽ . max

and either
i iy1~ •w s0´ b w s0Ž .

or¢ ßjc w s1, js1, . . . , iy1Ž .

Notice that this new set of integer optimization variables im-
plicitly includes the old optimization variable N as the num-
ber of consecutive entries with value 1 in vector w. Using this
new set of optimization variables, we can mathematically ex-
press the objective function as follows

Nma x
i if w , � sy w � C � , � 26Ž . Ž . Ž .Ý 2 iy1 i

is 2

Ž .Moreover, the equality constraint Eq. 20 takes the form

N ima x r 7pih w , � s x y x � w � �� y CDWs0 27Ž . Ž . Ž .Ýmax min ii 3E1is1

Finally, the inequality constraints discussed above can be ex-
pressed as

g wi , � swi� � y� F0, is1, 2, . . . , N 28Ž . Ž .Ž .i i min i max

Based on the preceding analysis, we can mathematically for-
mulate the optimization problem under consideration as fol-
lows:

min f w , �Ž .
� , w

subject to:
h w , � s0Ž .
and
g w , � F0Ž .
wgW
� gT 29Ž .

where f and h are the scalar functions defined by Eqs. 26
and 27, respectively, and g is the N -dimensional vectormax
which contains the functions defined by Eq. 28.

From a technical point of view, the advantage of the
Ž .mixed-integer formulation Eq. 29 is that it allows us to de-

compose the problem in two separate optimization problems.
Using the theoretical framework developed by Geoffrion
Ž .Geoffrion and Graves, 1974; Geoffrion, 1972 for the solu-
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tion of such mixed-integer optimization problems, we can de-
Ž .compose the problem Eq. 29 into the so-called primal and

master problems.
The primal problem corresponds to problem 29 with fixed

Žw-variables that is, it is in the �-space only, thus involving
. konly the continuous and real optimization variables . Let w

gW be the fixed vector w and N k be the corresponding
fixed number of carbon source switches. Then the primal
problem becomes

min f w k , �Ž .
� gT

subject to
kh w , � s0Ž .

and
kg w , � F0 30Ž . Ž .

Since 2FN kFN s65, there are exactly 64 such primalmax
problems.

Let us assume that for each one of the 64 primal problems
Ž . ŽEq. 30 , there exists a finite solution the value of the objec-

. Ž k.tive function is noty� . Moreover, let us define by ® w the
Ž .finite solution of the primal problem Eq. 30 for the fixed

k � Ž .vector w . We also define the space: Vs w:h w, � s0,
Ž . 4g w, � F0 for some � , which, by construction, consists of

those values of w, for which the primal problem is feasible
Žthat is, the equality and inequality constraints can be satis-

.fied . W lV can be though as the projection of the feasible
region of Eq. 29 onto the w-space. Then, the master problem
is the optimization problem of finding the vector w that mini-

Žmizes the solutions of all possible primal problems that is, it
is in the w-space only, thus involving only the integer opti-

.mization variables and it can be mathematically formulated
as follows

min ® wŽ .
w 31Ž .

s.t. wgW lV

ŽThe equivalence between the two formulations Eqs. 29 and
.31 is guaranteed by the theoretical result proven by Geof-

Ž . ( � �) �frion 1970 : If � , w is optimal for Eq. 29, then w is opti-
mal for Eq. 31 and ®ice ®ersa.

This theoretical result justifies the following approach to
the optimization problem under consideration: Find the solu-

Ž . Ž . Žtions global optima to all 64 primal problems Eq. 30 if
.these solutions exist and then choose as the optimal solu-

tion, the optimum of the 64 optima. We must note that the
proposed ‘‘brute force’’ approach is practical in our case due
to the relatively small number of possible primal problems.

ŽMINLP problems that arise in different applications Flou-
.das, 1995 are typically large combinatorial problems due to

the huge number of 0-1 combinations that can be employed,
and can be effectively treated with the use of more sophisti-
cated algorithms such as the Generalized Benders Decompo-

Ž . Žsition GBD Geoffrion, 1972; Floudas et al., 1989; Paules
.and Floudas, 1989; Manousiouthakis and Sourlas, 1992 ,

Ž . ŽGeneralized Outer Approximation GOA Duran and
.Grossmann, 1986a,b . Generalized Cross Decomposition

Ž . Ž .GCD Holmberg, 1992, 1991; Vlachos, 1991 and so on.

Primal Problem
In this section we address the primal problem, which is

mathematically expressed by Eq. 30. Since fixing the vector
wgW to a particular set w k, is equivalent to fixing the num-
ber N of carbon source switches to a particular value N k

Ž k k2FN F65 and N is the number of consecutive 1’s in the
k.fixed vector w , an equivalent formulation of the primal

problem is

min f k �Ž .
� gT

subject to
kh � s0Ž .

and
kg � F0 32Ž . Ž .

where

N k

k if � sy C � , � 33Ž . Ž . Ž .Ý 2 iy1 i
is 2

N k ir 7pkh � s x y x � �� y CDWs0 34Ž . Ž . Ž .Ýmax min ii 3E1is1

and g k is the vector with the following N k entries

g k � s� y� F0, is1, . . . , N k 35Ž . Ž .i i min i

As it will become more clear in the subsequent development,
Ž .the simplicity or complexity of the primal problem analysis

depends on the corresponding value of the number of carbon
Žsource switches. Based on the value of the quotient: x ymax

. N k Ž i i .x �Ý r rE , we separated the domain of the numbermin is1 p 1
of carbon source switches into two regions.

The first corresponds to 2FN kF6, for which a simple
calculation involving just model parameters, shows that

N k ir 7pkFor 2FN F6: x y x � � CDW 36Ž . Ž .Ýmax min i 3E1is1

The second region corresponds to 7FN kF65 for which we
have

N k ir 7pkFor 7FN F65: x y x � � CDW 37Ž . Ž .Ýmax min i 3E1is1

Let us first consider the region of small numbers of carbon
source switches: 2FN kF6. For this region, the following re-

Ž .sult holds see Appendix B for the proof :
( )Proposition 1. Consider the optimization problem Eq. 32 .

k ( )If 2FN F6, then: a the global optimum is obtained for � Gi
k ( ) ( )1, is1, . . . , N ; b the global optimum is not strict unique .

More specifically, there exist infinitely many ®ectors, � G1, which
yield the optimum ®alue of the object function and satisfy the
equality and inequality constraints.

Based on this proposition we see that, for 2FN kF6, the
global optimum can be explicitly expressed as the sum from 2
up to N k of the expression given by Eq. A19 in Appendix A.
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We will now consider the second region of high numbers
of carbon source switches 7FN kF65. For this region, the
analysis is more complicated, in the sense that we cannot ex-
plicitly express the optimal solution. In this region, the prob-
lem expressed by Eq. 32 can be addressed as a classical math-
ematical programming problem. The necessary optimality
conditions for any problem of this type are stated in the fol-

Ž .lowing theorem Bazaraa et al., 1993 .
(Theorem 1 Karush-Kuhn-Tucker Necessary Optimality Condi-

) (tions . Let T be a nonempty open subset of E , the n-dimen-n
sional real Euclidean space composed of all real ®ectors of di-

) k k kmension n and let f , g , is1, . . . , m and h , is1, . . . , j bei i
real ®alued functions from E to E . Consider the general prob-n 1
lem P:

Minimize f k �Ž .
kSubject to g � F0 for is1, . . . , mŽ .i

kh � s0 for is1, . . . , jŽ .i

� gT

� ( � { k( )Let � be a feasible solution that is, � g� s � :h � s0i
k( ) }) {for is1, . . . , j and g � F0 for is1, . . . , m , and let Is i:i

( ) } k kg � s0 . Suppose that f and g for is1, . . . , m are differen-i i
tiable at � �, and that each hk for is1, . . . , j is continuouslyi

� k( �)differentiable at � . Further, suppose that� g � for ig I andi
k( �) �� h � for is1, . . . , j are linearly independent. If � sol®esi

problem P locally, then there exist unique scalars ��, is1, . . . , ji
and ��, is1, . . . , m, such that the following conditions hold.i

j m
� � � � �k k k�f � q � �h � q � �g � s0 38Ž . Ž . Ž . Ž .Ý Ýi i i i

is1 is1

��g k � � s0 is1, . . . , m 39Ž . Ž .i i

��s	 2G0 is1, . . . , m 40Ž .i i

Ž .Conditions 39 are called the Karush-Kuhn-Tucker KKT
complementarity conditions, whereas conditions 38 are called
the KKT gradient conditions. These gradient conditions can
be represented more compactly as

�Lk � � s0 41Ž . Ž .

where the scalar function L is the restricted Lagrangian de-
fined as

j
� � �k k k kL � �
 � , � , � s f � q � h �Ž . Ž . Ž . Ž .Ý i i

is1

m
� kq � g � 42Ž . Ž .Ý i i

is1

The augmented Lagrangian 
 is not restricted to the particu-
lar values of the Lagrange multipliers that satisfy conditions
38�40 and is defined as

k m
k k k k
 � , � , � s f � q � h � q � g � 43Ž . Ž . Ž . Ž . Ž .Ý Ýi i i i

is1 is1

In order to sustain consistency in the notation, we used the
same notation for the objective and constraint defining func-

Ž .tions as before see expressions 33�35 . More specifically, the
superscript k in the state of the theorem, as well as in ex-
pressions 38�43 is used to denote the forms of the objective,
constraint defining, restricted and augmented Lagrangian
functions that correspond to the primal problem with N k

carbon source switches.
ŽFor our particular optimization problem, the set T de-

fined in the previous section as the set of all N-dimensional
.vectors with positive entries is obviously an open nonempty

Ž .subset of E . Also, there is only one equality constraint js1n
k Ž k.and N inequality constraints msN . Furthermore, the

Ž . Ž .objective function Eq. 33 , the equality constraint Eq. 34 ,
Ž .and all inequality constraints Eq. 35 are continuously differ-

entiable �� gT. Moreover, since we only have one equality
constraint, its gradient is linearly independent. Also, from Eq.

kŽ . k35, we can easily see that the gradients �g � are N di-i
mensional vectors with all entries equal to zero except the ith

kŽ .entry which is always equal to y1. Thus, the gradients �g �i
Žare linearly independent �� and � ig I that is, the set of

.active inequality constraints . Therefore, according to theo-
Ž .rem 1, if the optimization problem Eq. 32 has a finite local

solution, then conditions 38�40 must be satisfied.
The following proposition limits any local solution of prob-

Ž . � Ž . Ž .lem 32 if it exists to the set: Ss � :h � s0, g � F0, and
4� �1 . The proof is given in Appendix B.

( kProposition 2. If inequality 37 holds that is, for 7FN F
)65 , and if there exists a local solution to the primal problem

( ) { ( ) ( )Eq. 32 , then it must satisfy: � gSs � gT:h � s0, g � F0,
}and � �1 .

Since, for 7FN kF65, proposition 2 excludes the possibil-
ity of any of the dimensionless switching times that satisfy the
KKT gradient, complementarity and nonnegativity condi-
tions, to be greater or equal to 1, we can reformulate the

Ž .primal problem Eq. 32 as follows

minimize f k � :� gS� 4Ž .
44Ž .

where Ss � gT :h � s0, g � F0, and � �1� 4Ž . Ž .

The solution of the system of the KKT necessary optimality
Ž . Ž .conditions Eq. 38�40 will provide if it exists a candidate

Ž .for the optimum. Lemma 1 that follows Bazaraa et al., 1993
provides sufficient optimality conditions and will allow us to
establish that the solution is indeed the optimal.

( )Lemma 1 Sufficient Optimality Conditions . Consider the
optimization problem defined in Eq. 44, where the objecti®e and
constraint defining functions, are all twice differentiable, and
where T is a nonempty subset of E . Suppose that � � is a KKTn

( )point that is, satisfies conditions 38 � 40 with Lagrange multi-
pliers �� and �� associated with the inequality and equality
constraints, respecti®ely. Define the restricted Lagrangian func-

k( ) 2 k( )tion L � as in Eq. 42 and denote its Hessian as � L � . If
2 k( ) �� L � is positi®e definite �� gS, then � is the strict

( ) ( )unique global optimum solution of problem 44 , and hence
problem 32.

For the optimization problem 44, T is a nonempty subset
Ž .of E , while the objective function Eq. 33 is twice differen-n

k Žtiable as the sum of N twice differentiable functions see
.expressions in Appendix A . Moreover, the equality and in-
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equality constraints are linear and, as such, are twice differ-
entiable as well. Due to the linearity of all constraints, it is
easy to see that the Hessian of the restricted Lagrangian is

widentical to the Hessian of the objective function that is,
2 kŽ . 2 kŽ .x� L � s� f � .

� � Ž . 4Let us now define the set S s � gT : g � F0 and � �1 .
Clearly: S;S�. For this set S�, the following lemma holds
Ž .see Appendix B for the proof :

Lemma 2. The Hessian of the objecti®e function 33
( 2 k( )) � { ( )� f � is positi®e definite �� gS s � gT:g � F0 and �

}�1 .
Since S is a subset of S�, Lemma 2 guarantees that the

Hessian of the objective function is positive definite in S as
well. As explained above, this implies that the Hessian of the
restricted Lagrangian is also positive definite in S. According

Žto the definition of a strictly convex function see Canon et
.al., 1970 for a definition , the strict positive definiteness of

the Hessian implies that the objective function is strictly con-
vex. Thus, all conditions of Lemma 1 are satisfied. Therefore,
if a KKT point exists, it is unique and yields the globally opti-
mum solution of the problem.

Summarizing the results of this section, we can state the
following:
Ž . ka For 2FN F6 the global optimum is just the sum from

2 up to N k of the expression given by Eq. A19 in Appendix
A. This global optimum is not unique. It can be obtained for
an infinite number of dimensionless switching time sets that
satisfy the equality constraint and are such that: � G1.
Ž . k �b For 7FN F65, if a KKT point � and corresponding

� � ŽLagrange multipliers � and � exist that is, satisfying con-
ditions 38�40 the equality constraint 34 and the inequality

Ž . Ž .constraints 35, then 1 this point is unique, 2 it is such that
� Ž .� �1, and 3 yields the global optimum solution of the pri-

mal problem 33.

Results
As it is apparent from the conclusions of the previous sec-

tion, the difference between the two regions is that for 2F
N kF6, the global optimum is not unique, whereas for 7F
N kF65 it is. Moreover, for 2FN kF6, the global optimum
can be explicitly computed by using Eq. A19.

On the contrary, for 7FN kF65, the unique solution to
the primal problem 32, should satisfy Eqs. 38�40 as well as

Ž . Žthe equality constraint Eq. 34 and inequality constraints Eq.
.35 . Due to the highly nonlinear nature of the objective func-

Ž .tion see equations in Appendix A , an analytical solution
cannot be obtained. For this purpose, the problem was nu-
merically addressed with the use of the Newton-Raphson al-

Ž .gorithm with a variable step see Avriel, 1976 . The value of
this variable step at each Newton-Raphson iteration was ob-
tained by performing a unidimensional search to find the
value that minimizes the L norm of the residual vector. In2
each case 7FN kF65 convergence was achieved. It was found
that for 7FN kF35 none of the inequality constraints was

Ž k. kactive that is, g F0, � is1, . . . , N , whereas for 36FN Fi
65 some inequality constraints were active.

Figure 1 shows the mass fraction of the optimal final di-
w kŽ .xblock copolymer concentration produced y f � over the

total polymer concentration produced after N k carbon source
k Žswitches for 2FN F65 entire region of number of carbon

Figure 1. Optimal solution of all possible primal prob-
( )lems 2FNF65 as a function of the number

of carbon source switches.
Mass fraction of the optimal final diblock copolymer con-

Žcentration over the final total polymer concentration 7r3
.CDW .

. Ž .source switches . Since the equality constraint Eq. 34 is al-
ways satisfied, this total polymer concentration is always equal
to 7r3 CDW. Thus, the functional dependence of the actual
optimal final concentrations on the number of carbon source
switches will be identical to the one depicted in the figure for
the final fractions.

Notice that the mass fraction of diblock copolymers reaches
a maximum value of 50.6% at Ns39 switches. Table 2 shows
the corresponding optimal dimensionless and dimensional
switching times. According to the analysis presented earlier,
this is the global optimum of the original optimization prob-
lem 29. One can physically understand the existence of a
maximum as follows: As the number of switches increases,
the number of diblock copolymer producing stages increases.
On the other hand, the switching times decrease causing a
decrease in the amount of diblock copolymers that termi-
nates at each stage, as well as the amount of active mono-
block copolymers that will produce diblock copolymers at the
next stage. The interaction of these two competing effects of
the increase in the number of stages is responsible for the
observed maximum. We note the following interesting fea-
tures:
Ž .a The global optimum is obtained for the same value of

carbon source switches as in the case where the assumption
Žof equal dimensionless switching times was made Mantzaris

.et al., 2001b .
Ž .b The value of the global optimum is only slightly higher

than the value that was obtained for Ns39 carbon source
switches under the assumption of equal dimensionless switch-

Ž . Ž .ing times 50.6% vs. 50.05% Mantzaris et al., 2001b .
Ž .c As it is shown in Table 2, at the global optimum, the

inequality constraints are active only for the first and last
stages of the process. Moreover, the optimal dimensionless
switching times are approximately symmetric around the mid-

Ž .dle 20th stage of the process: Around this middle stage, the
dimensional switching times remain approximately the same
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Table 2. Optimal Solution

Ž .Dimensionless Dimensional min
Stage Switching Time Switching Time
Ž .1 PHBV 0.10000 16.977
Ž .2 PHB 0.14936 54.457
Ž .3 PHBV 0.17640 29.947
Ž .4 PHB 0.16686 60.837
Ž .5 PHBV 0.17934 30.446
Ž .6 PHB 0.16729 60.996
Ž .7 PHBV 0.17941 30.457
Ž .8 PHB 0.16730 60.999
Ž .9 PHBV 0.17941 30.457
Ž .10 PHB 0.16730 60.999

Ž .11 PHBV 0.17941 30.457
Ž .12 PHB 0.16730 60.999
Ž .13 PHBV 0.17941 30.457
Ž .14 PHB 0.16730 60.999
Ž .15 PHBV 0.17941 30.457
Ž .16 PHB 0.16730 60.999
Ž .17 PHBV 0.17941 30.457
Ž .18 PHB 0.16730 60.999
Ž .19 PHBV 0.17941 30.457
Ž .20 PHB 0.16730 60.999

Ž .21 PHBV 0.17941 30.457
Ž .22 PHB 0.16730 60.999
Ž .23 PHBV 0.17941 30.457
Ž .24 PHB 0.16730 60.999
Ž .25 PHBV 0.17941 30.457
Ž .26 PHB 0.16730 60.999
Ž .27 PHBV 0.17941 30.457
Ž .28 PHB 0.16730 60.999
Ž .29 PHBV 0.17941 30.457
Ž .30 PHB 0.16730 60.999

Ž .31 PHBV 0.17941 30.457
Ž .32 PHB 0.16730 60.999
Ž .33 PHBV 0.17941 30.457
Ž .34 PHB 0.16729 60.996
Ž .35 PHBV 0.17934 30.446
Ž .36 PHB 0.16687 60.841
Ž .37 PHBV 0.17640 29.946
Ž .38 PHB 0.14971 54.583
Ž .39 PHBV 0.10000 16.977

and equal to 30.5 min for each PHBV producing stage and 61
min for each PHB producing stage. As we get closer to the
first or last stages of the process, the dimensionless switching
times become gradually smaller. This shows that the ad hoc

Žassumption of equal dimensionless switching times corre-
sponding to a relationship of PHBV dimensional switching

.timerPHB dimensional switching times1:2 that was made
Ž .in our previous work Mantzaris et al., 2001b turned out to

be very close to the optimum.
Figure 2 shows the mass fractions of block copolymer, di-

block copolymer, and triblock copolymer concentrations over
the total polymer concentration produced, as a function of
time, for Ns39 carbon source switches and for the dimen-
sionless switching times presented in Table 2, where the global
maximum for the final diblock copolymer concentration is
observed. The final mass fraction of the total block copoly-
mer is approximately 68.8%, whereas the final mass fraction
of triblock copolymer is approximately 13%. Thus, at the op-
timum number of switches, 50.6% of the total polymer
produced is diblock copolymer. This represents 73.5% of the
total block copolymer produced. Moreover, the final concen-
tration of triblock copolymers is 13% of the total polymer

Figure 2. Time evolution of mass fractions of total block
copolymer, di- and triblock copolymer con-
centration for the optimal number of carbon

( )source switches Ns39 .
Solid line, total block copolymer; dotted line, diblock
copolymer; dashed-dotted line, triblock copolymer.

produced and 18.9% of the total block copolymer produced.
Therefore, as the optimal number of carbon source switches,
the block copolymers, which contain more than three blocks
represent only 5.2% of the total polymer produced and 7.6%
of the total block copolymer produced.

Summary and Conclusions
In this work, we addressed the problem of finding the opti-

mal number of carbon source switches and corresponding
switching times that maximize the final concentration of di-

Ž .block copolymers PHB-PHBV and PHBV-PHB . The end of
the process was implicitly defined as the time when the con-
centration of the total polymer produced is 70% of the total
cell dry weight. Moreover, we assumed that no stage of the
process where less than 50 grL of total polymer is produced
can exist.

The problem under consideration was mathematically
formulated in the mixed-integer nonlinear programming
Ž .MINLP framework, which allowed the decomposition of the
original problem into the primal and master problems. The
primal problem corresponds to finding the optimal set of
switching times for a fixed number of carbon source switches,
whereas the master problem consists of finding the optimal
number of carbon source switches that optimizes the optimal
solutions of all possible primal problems. The solution to each
possible primal problem was obtained numerically with the
use of the Newton-Raphson algorithm with a variable step. It
was theoretically shown that each solution thus obtained is
the unique global optimum for each primal problem in the
region 7FNF65. On the other hand, for 2FNF6, it was
established that the analytically evaluated global optimum of
each primal problem, is not unique.

The global optimum of the original problem was obtained
for 39 carbon source switches. It corresponds to a mass frac-
tion of 50.6% of final diblock copolymer concentration of fi-
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nal total polymer concentration. The result is very close to
Žthe one obtained in our previous work Mantzaris et al.,

.1999b under the ad hoc assumption of equal dimensionless
switching times. Furthermore, the optimal dimensionless
switching times were approximately symmetric around the

Ž .middle 20th stage of the process: Around this middle stage,
the dimensional switching times remain approximately the
same and equal to 30.5 min for each PHBV producing stage
and 61 min for each PHB producing stage. As we get closer
to the first or last stages of the process, the dimensionless
switching times become gradually smaller.

This work not only answers the complicated problem un-
der consideration, but also serves as an illustrative example,
for the general methodology that can rigorously address simi-
lar optimization problems, such as maximizing the final tri-
block copolymer concentration, for example. The corre-
sponding problem although very similar to the one presented
here, is more complicated, because the concentration of tri-
block copolymers produced at each stage of the process de-
pends on three switching times, as opposed to just two in the
case of diblock copolymers. Finally, the type of information
that was gained with the simultaneous use of the proposed
mathematical model and the presented analysis of the opti-
mization problem cannot be obtained by experiment. The
presented approach is therefore very useful for obtaining sys-
tem design parameters that can enable the formation of spe-
cific block-copolymers of interest.
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Appendix A
In this appendix we present the analytical expressions of

the concentration of diblock copolymers produced at the ith
stage of the carbon source switching process and the corre-
sponding first and second partial derivatives with respect to

Žthe dimensionless switching times that they depend on � ,i
.� , as explicit functions of � , � . In order to simplify theiy1 i iy1

expressions, we first define the following parameters

ks x y x A1Ž . Ž .max min

i i'1y 1y4 t t2 3iy sy A2Ž .1 i2 t3

i i'1q 1y4 t t2 3iy sy A3Ž .2 i2 t3

y t i t i
1 1ia s q A4Ž .i i i i2 t '2 t 1y4 t t3 3 2 3

y t i t i
1 1ib s y A5Ž .i i i i2 t '2 t 1y4 t t3 3 2 3

t i t i
1 1
yi ii i'1y 1y4 t t i i iN r 2 t32 3 2 t 1y4 t tA i '3 2 3iD s i iž /E x 2 t1 min 3

t i t i
1 1
qi i i'1q 1y4 t t i i i2 t32 3 2 t 1y4 t t'3 2 3� A6Ž .iž /2 t3
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We also define the following functions of the dimensionless
Ž .molecular weight y 0F yF1

t i y1ir y s A7Ž . Ž .t i i 2t q yq t y2 3

ai bi
i i if y s kyq x � r y � yy y � yy y A8Ž . Ž . Ž .Ž . Ž . Ž .1 min t 1 2

aiy1 biy1
� � �iy1 iy1f y , � s yy y y� � yy y y�Ž . Ž . Ž .2 1 2

yai yb i
� �i i� yy y y� � yy y y� A9Ž .Ž . Ž .1 2

From Eq. A9 we also obtain

� f y , � � aiy1 biy1Ž .2
s y y� � �iy1 iy1ž�� yy y y� yy y y�Ž . Ž .1 2

ai bi
�q q � f y , � A10Ž . Ž .2� �i i /yy y y� yy y y�Ž . Ž .1 2

The superscripts in Eqs. A1�A10, and in the following,
correspond to the stage of the process. The expressions de-
pend on both the relative and absolute magnitude of � , � .i iy1
We define also the dimensionless times

� 4� smin � , �d iy1 i

� 4� smax � , � A11Ž .u iy1 i

� 4� smin 1, � q�c iy1 i

We distinguish between three cases
Case I. � F� �1.d u
If � s� thend iy1

iy1kD � yiy1 � �iC � , � s f y f y , � d� dyŽ . Ž . Ž .H H2 iy1 i 1 2½N 0 0A

� y �i c� �q f y f y , � d� dyq f yŽ . Ž . Ž .H H H1 2 1
� yy� �iy1 iy1 i

� i � �� f y , � d� dy A12aŽ . Ž .H 2 5yy� iy1

whereas if � s� thend i

iy1kD � yi � �iC � , � s f y f y , � d� dyŽ . Ž . Ž .H H2 iy1 i 1 2½N 0 0A

� � �iy1 i c� �q f y f y , � d� dyq f yŽ . Ž . Ž .H H H1 2 1
� 0 �i iy1

� i � �� f y , � d� dy A12bŽ . Ž .H 2 5yy� iy1

The expressions of the first and second derivatives do not
depend on the relative magnitude of � , � . The firsti iy1

derivatives are expressed as follows

i iy1� C � , � kD �Ž . c2 iy1 i
s f y � f y , yy� dyŽ . Ž .H 1 2 iy1�� N �iy1 A iy1

A13Ž .

� C i � , � kDiy1
�Ž . c2 iy1 i

s f � q� , � � f y dy A14Ž . Ž . Ž .H2 i iy1 i 1�� N �i A i

The two second mixed derivatives are equal to each other
and are expressed as follows

� 2C i � , � � 2C i � , �Ž . Ž .2 iy1 i 2 iy1 i
s

�� �� �� ��iy1 i i iy1

° iy1kD
f � q� � f � q� , � , � s� q�Ž . Ž .1 i iy1 2 i iy1 i c i iy1~s A15Ž .NA¢0, � s1c

while the two second derivatives are given by

� 2C i � , � � 2C i � , � kDiy1Ž . Ž .2 iy1 i 2 iy1 i
s y2 �� �� N�� i iy1 Ai

� f y , �� Ž .c 2 i
� f � �f � , � y f y � dy A16Ž . Ž . Ž . Ž .H �1 i 2 i i 1 ��� i

� 2C i � , � � 2C i � , � kDiy1Ž . Ž .2 iy1 i 2 iy1 i
s y2 �� �� N�� i iy1 Aiy1

� f � q� , � �Ž . c2 i iy1 i
� f � �f � q� , � y � f y dyŽ . Ž . Ž .H�1 iy1 2 i iy1 i 1�� � iy1

A17Ž .

Case II. � �1F� .d u
If � s� , thend iy1

iy1kD � yiy1 � �i iC � ,� sC � s f y f y ,� d� dyŽ . Ž . Ž . Ž .H H2 iy1 i 2 iy1 1 2½N 0 0A

y1 � �q f y f y , � d� dy A18aŽ . Ž . Ž .H H1 2 5
� yy�iy1 iy1

whereas if � s� thend i

iy1kD � yiy1 � �i iC � , � sC � s f y f y , � d� dyŽ . Ž . Ž . Ž .H H2 iy1 i 2 i 1 2½N 0 0A

�1 i � �q f y f y , � d� dy A18bŽ . Ž . Ž .H H1 2 5
� 0i

i Ž .Notice that in this case, C � , � is independent of the � .2 iy1 i u
Thus, the first and second derivatives with respect to this di-
mensionless switching time, are zero. The corresponding ex-
pressions for the first and second derivatives w.r.t. � ared
given by the same expressions as above with � s1.c
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Case III. 1F� F� .d u

iy1kD y1 � �i iC � , � sC s f y f y , � d� dyŽ . Ž . Ž .H H2 iy1 i 2 1 2½ 5N 0 0A

A19Ž .

i Ž .Notice that in this case, C � , � is a constant indepen-2 iy1 i
dent of both � and � . Thus, all first and second deriva-i iy1
tives are zero.

By a simple inspection of the derived expressions, one can
make the following remarks:
Ž .a Since the integrands in both first derivative formulae

i Ž .are always non-negative, C � , � is a monotonically in-2 iy1 i

creasing function of both dimensionless switching times. Each
of the first derivatives becomes zero when the corresponding
dimensionless switching time becomes equal to 1.
Ž .b If one of the two dimensionless switching times is

i Ž .greater or equal to 1, then C � , � is independent of this2 iy1 i
Ž . i Ž .switching time. Thus, based also on remark a , C � , �2 iy1 i

obtains its maximum value for � s1 and � s1. For largeriy1 i
i i Ž .values of � , � , C , C � , � remains constant and equali iy1 2 2 iy1 i

to its maximum value.
Ž .c The mixed second derivative

� 2C i � , �Ž .2 iy1 i

�� ��iy1 i
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is always positive for � q� �1 and zero for � q� G1.i iy1 i iy1
The expressions of the second derivatives:

� 2C i � , � � 2C i � , �Ž . Ž .2 iy1 i 2 iy1 i
,2 2�� ��iy1 i

for dimensionless switching times, strictly less than 1, are even
more complicated. In order to examine their behavior, we
computed them for an array of dimensionless switching times:

w x� , � g 0.1, 1 . The results are shown in Figures A1 andi iy1
A2 for the cases of PHBV and PHB formation, respectively.

Moreover, we also show the second mixed derivatives and the
values of the quotients:

2 i 2 i� C � , � � C � , �Ž . Ž .2 iy1 i 2 iy1 i
p s y1 2 �� ���� iy1 iiy1

2 i 2 i� C � , � � C � , �Ž . Ž .2 iy1 i 2 iy1 i
and p s y .2 2 �� ���� iy1 ii

Based on the results shown in these figures, we can make the
following remarks:
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Ž .d Both

� 2C i � , � � 2C i � , �Ž . Ž .2 iy1 i 2 iy1 i
and2 2�� ��iy1 i

w xare nonpositive for each pair � , � g 0.1, 1 .i iy1

� 2C i � , � � 2C i � , �Ž . Ž .2 iy1 i 2 iy1 i
2 2ž /�� ��iy1 i

Ž .becomes zero for � s1 � s1 . Thus, for each pair � , �iy1 i i iy1
w .g 0.1, 1 , both derivatives are strictly negative.

� 2C i � , �Ž .2 iy1 i
eŽ . 2�� iy1

is an increasing function of the � and a decreasing func-iy1
tion of � .i

� 2C i � , �Ž .2 iy1 i
fŽ . 2�� i

is a decreasing function of � and an increasing function ofiy1
� .i
Ž . 2 i Ž .g The mixed second derivative � C � , � r�� �� is2 iy1 i iy1 i

w xa decreasing function of both � , � g 0.1, 1 . Thus, it ob-i iy1
tains its maximum value for the minimum possible values for
the two dimensionless switching times.
Ž . w .h Since p , p �0, for each pair � , � g 0.1, 1 , each of1 2 i iy1

the two second derivatives

� 2C i � , � � 2C i � , �Ž . Ž .2 iy1 i 2 iy1 i
and2 2�� ��iy1 i

is strictly greater in magnitude than the corresponding sec-
ond mixed derivative

� 2C i � , �Ž .2 iy1 i
,

�� ,��iy1 i

w .for each pair � , � g 0.1, 1 .i iy1

Appendix B
In this appendix we prove propositions 1, 2 and lemma 2

which were presented in the text and were used in the analy-
sis of the primal problem.

( )Proposition 1. Consider the optimization problem Eq. 32 .
k ( )If 2FN �6, then: a the global optimum is obtained for � Gi

k ( ) ( )1, is1, . . . , N ; b the global optimum is not strict unique .
More specifically, there exist infinitely many ®ectors � G1, which
yield the optimum ®alue of the objecti®e function and satisfy the
equality and inequality constraints.

Proof: Since 2FN kF6, inequality 36 holds. Inequality 36
implies that in order to satisfy the equality constraint 34, there

must exist at least one dimensionless switching time � G1,i
w k xfor some ig 1, N . Thus, it is also possible to have: � G1 fori

w k x Ž .all ig 1, N or equivalently: � G1 and still satisfy Eq. 34.
i Ž .As was shown in Appendix A, C � , � is a monotoni-2 iy1 i

cally increasing function of both � , � and it obtains itsiy1 i
maximum value for � s1 and � s1. For larger values ofiy1 i

i Ž .� , � , C � , � remains constant and equal to its maxi-i iy1 2 iy1 i
mum value. This maximum value is given by Eq. A19 in the
Appendix.

Since the objective function of problem 33 is minus the
i Ž .sum of C � , � and when inequality 36 holds there is the2 iy1 i

Ž .possibility of having � G1 for which a the equality con-
Ž . Ž . i Ž .straint is satisfied Eq. 34 , b each C � , � obtains its2 iy1 i

Ž .maximum possible value, and c the inequality constraints
Ž .Eq. 35 are automatically satisfied, it is clear that the opti-

w k xmum is achieved for � G1 for all ig 1, N .i
Finally, since there are infinite many vectors � G1, which

satisfy the equality and inequality constraints of the primal
Ž .problem Eq. 32 , while the value of the objective function

Ž .does not change, it is obvious that statement b of the propo-
sition also holds.

( kProposition 2: If inequality 37 holds that is, for 7FN F
)65 , and if there exists a local solution to the primal problem

( ) { ( ) ( )Eq. 32 , then it must satisfy: � gSs � :h � s0, g � F0, and
}� �1 .

Proof: Since we assumed that Eq. 32 has a local solution,
Žthen conditions 38�40 of theorem 1 must be satisfied KKT

gradient conditions, KKT complementarity conditions, non-
.negativity of inequality constraint Lagrange multipliers . Also,

Ž .the equality constraint Eq. 34 and the inequality constraints
Ž .35 must also be satisfied.

We will prove the proposition by contradiction: Suppose
that: � j, 1F jFN k such that: � G1. Using Eqs. 33�35, wej

Ž .see that the corresponding jth equation of the system of
Ž .KKT gradient conditions Eq. 38 will read

� C j � , � � C jq1 � , � r jŽ . Ž .2 jy1 j 2 j jq1 p
y y q� j�� �� Ej j 1

� x y x y	 2s0 B1Ž . Ž .max min j

Then, for � G1 and according to what we have shown in Ap-j
pendix A, the concentration of diblock copolymers produced

Ž .during the jth and jq1 th stages of the process are both
independent of � , that is,j

� C j � , � � C jq1 � , �Ž . Ž .2 jy1 j 2 j jq1
s s0 B2Ž .

�� ��j j

Ž .Moreover, due to the complementarity conditions Eq. 39
that we assumed they hold, and since, for � G1, the strictj

kŽ .inequality g � s� y� �0 holds, we must also have thatj j min j

� s	 2s0 B3Ž .j j

Substituting Eqs. B2 and B3 into B1 and using the fact that
j j Ž .r rE � x y x is always a positive constant, we find thatp 1 max min
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for the single equality constraint Lagrange multiplier we have

�s0 B4Ž .

Since inequality 37 holds, there must exist at least one di-
mensionless switching time that is strictly less than 1, in order
for the equality constraint 34 to be satisfied, that is, � i, 1F i
FN k such that: � �1. Then using Eq. B4, the correspondingi
ith equation of the KKT gradient conditions will read

� C i � , � � C iq1 � , �Ž . Ž .2 iy1 i 2 i iq1 2y y y	 s0 B5Ž .i�� ��i i

As we have shown in Appendix A, for � �1 we have thati

� C i � , �Ž .2 iy1 i
y �0

�� i

� C iq1 � , �Ž .2 i iq1
y �0 B6Ž .

�� i

Since also conditions 40 hold: we have: y	 2 �0. Therefore,i
it is obvious from Eq. B6 that Eq. B5 cannot be satisfied.

ŽThus, it is impossible for the KKT gradient conditions Eq.
.38 to be satisfied. This is a contradiction, since we assumed

that there exists a local solution to the optimization problem
Ž . Ž .Eqs. 32 , and, hence, the KKT gradient conditions Eq. 38

Žmust hold. Consequently, our original assumption that is,
k .� j, 1F jFN such that: � G1 is wrong. Hence, if a localj

solution to problem 32 exists, then we must have: � �1. Since
we have also assumed that the equality and inequality con-

Ž .straints Eqs. 34, 35, respectively hold, we conclude that if a
Ž . klocal solution to the primal problem Eq. 32 for 7FN F65

� Ž . Ž . 4exists then: � gSs � :h � s0, g � F0, and � �1 .
( )Lemma 2: The Hessian of the objecti®e function Eq. 33

[ 2 k( )] � { ( ) }� f � is positi®e definite �� gS s � :g � F0 and � �1 .
Ž . 2 kŽ .Proof: Let us use the symbol H � s� f � for the

Hessian matrix of the objective function. We know that
i Ž . w xC � , � depends only on the current ith and previous2 iy1 i

wŽ . xiy1 th dimensionless switching times. This implies that
each entry � of � influences only the concentrations of di-i

Ž .block copolymer produced during the ith and iq1 th stages
i Ž . iq1Ž .of the process C � , � , and C � , � , respectively.2 iy1 i 2 i iq1

Hence, the N k � N k Hessian matrix is tridiagonal. The diag-
onal elements are given by the expressions

� 2C 2 � , �Ž .2 1 2
H sy1, 1 2��1

2 i 2 iq1� C � , � � C � , �Ž . Ž .2 iy1 i 2 i iq1
H sy qi , i 2 2�� ��i i

is2, . . . , N ky1

� 2C N k
� k , � kŽ .2 N y1 N

k kH sy B7Ž .N , N 2
k��N

The elements of the lower diagonal are given by the expres-
sions

� 2C i � , �Ž .2 iy1 i kH sy � is2, . . . N B8Ž .i , iy1 �� ��i iy1

while the elements of the upper diagonal are given by the
expressions

� 2C iq1 � , �Ž .2 i iq1 kH sy � is1, . . . N y1 B9Ž .i , iq1 �� ��i iq1

From Eqs. B8 and B9, it is clear that the Hessian matrix is
symmetric.

As we have shown in Appendix A, both

� 2C i � , � � 2C i � , �Ž . Ž .2 iy1 i 2 iy1 i
and2 2�� ��iy1 i

w .are strictly negative for each pair � , � g 0.1, 1 . Hence,i iy1
from Eq. B7 and since � �1, we have that all diagonal ele-
ments of the Hessian matrix are strictly positive �� gS�.
Moreover, since

� 2C i � , �Ž .2 iy1 i

�� ��i iy1

w .are non-negative for each pair � , � g 0.1, 1 , as shown ini iy1
Appendix A, we conclude that all off-diagonal elements of
the Hessian matrix are non-positive �� gS�.

Moreover, consider the quotient defined as follows

� � � � � � kq s H y H y H is1, . . . , N B10Ž .i i , i i , iy1 i , iq1

Substituting Eqs. B7, B8 and B9 into B10 we get

2 2 2 2� C � , � � C � , �Ž . Ž .2 1 2 2 1 2
q s y y y1 2 �� ���� 1 21

2 i 2 iq1� C � , � � C � , �Ž . Ž .2 iy1 i 2 i iq1
q s y qi 2 2ž /�� ��i i

2 i 2 iq1� C � , � � C � , �Ž . Ž .2 iy1 i 2 i iq1
y y y y

�� �� �� ��i iy1 i iq1

is2, . . . N ky1
k k2 N 2 N

k k k k� C � , � � C � , �Ž . Ž .2 N y1 N 2 N y1 N
kq s y y yN 2

k k�� ��k�� N N y1N

B11Ž .

From Eq. B11, we clearly see that for is2, . . . , N ky1, quo-
tient q depends on three dimensionless switching times,i
whereas for is1 and isN k it depends on just two. As we
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have shown in Appendix A, both second derivatives are strictly
greater in magnitude than the corresponding second mixed

w .derivative, for each pair � , � g 0.1, 1 . Due to this fact,i iy1
and since all diagonal elements are always strictly positive
and all off-diagonal elements are always non-positive �� gS�,
from Eq. B10, it is obvious that

wq � , � �0 �� , � g 0.1, 1Ž . .1 1 2 1 2

wq � , � , � �0 �� , � , � g 0.1, 1Ž . .i i iy1 iq1 i iy1 iq1

and � is2, . . . , N ky1

k k k k wq � �0 �� , � g 0.1, 1 B12Ž . . Ž .N N y1 N N y1

Thus, the Hessian matrix is strictly diagonally dominant ��
gS�.

Ž .According to Gershgorin’s theorem Saad, 1996 , any
eigenvalue of a matrix is located in one of the closed discs of
the complex plane centered at the diagonal elements of the
matrix and having a radius equal to the magnitude of the sum
of all corresponding off diagonal elements. Since, in this case,
the Hessian matrix is strictly diagonally dominant, the radius
of any of these closed discs cannot exceed or become equal
to the magnitude of the corresponding diagonal element.
Since also the diagonal elements are all strictly positive, we
conclude that no eigenvalue can become negative or zero.

Ž . 2 kŽ .Therefore, the Hessian matrix H � s� f � is positive
definite �� gS�.
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